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CN . Abstract 

In this paper we prove that the motion of a solid body in a two dimensional incompressible perfect fluid 
converges, when the body shrinks to a point with fixed mass and circulation, to a variant of the vortex-wave 
system where the vortex, placed in the point occupied by the shrunk body, is accelerated by a lift force similar 
qq , to the Kutta-Joukowski force of the irrotational theory. 

1 Introduction 

Ph 

] In this paper we consider the motion of a small solid body in a planar ideal fluid, and the limit behaviour of the 

fH ■ system as the solid body is reduced to a point. 

Let us first describe the equations when the solid has a fixed size. Let So be a closed, bounded, connected 

and simply connected subset of the plane with smooth boundary. We assume that the body initially occupies 

the domain iSo and rigidly moves so that at time t it occupies an isometric domain denoted by S(t). We denote 

F{t) := R 2 \ S(t) the domain occupied by the fluid at time t starting from the initial domain To := M 2 \ So- 

The equations modelling the dynamics of the system then read 

>■ a 

-7^ + (u- V)u + Vp = farie^t), (1) 
' , ot 

■ divu = forxeJ'(i), (2) 



C3 



u s ■ n for x G dS(t), (3) 

\x\— >oo 

mh"(t) = I pnds, (5) 



O ■ lim l«l = 0, (4) 



as(t) 

X' Jr '^) = I {x-h{t))^ -pnds, (6) 

H ■ Jds W 

u\ t =o = u for x G 7b, (7) 
h(0) = h o , h'(0)=l o , r(0) = r o . (8) 

Here u = (ui,U2) and p denote the velocity and pressure fields, m and J denote respectively the mass and the 
moment of inertia of the body while the fluid is supposed to be homogeneous of density 1, to simplify the notations. 
When x — (xi,X2) the notation x stands for x = (— X2,xi), n denotes the unit normal vector pointing outside 
the fluid, h!{t) is the velocity of the center of mass h(t) of the body and r(t) denotes the angular velocity of the 
rigid body. Finally we denote by us the velocity of the body: 

u s (t,x) = h'(t)+r(t)(x~h(t)) ± . (9) 
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Since S(t) is the position occupied by a rigid body there exists a rotation matrix 



Q(t) := 



cos 6*0) -sin6>(£) 
sm0(t) cos 9{t) 



(10) 



such that the position rj{t,x) G S(t) at the time t of the point fixed to the body with an initial position x is 

n(t,x):=h(t) + Q(t)(x-h ). (11) 

The angle 9 satisfies 

e'(t)=r(t), 

and we choose 9(t) such that 9(0) = 0. 

The equations ([TJ and ([2]) are the incompressible Euler equations, the condition (j3|) means that the boundary 
is impermeable and the equations ((5|) and ((6]) are the Newton's balance law for linear and angular momenta. 

For the study of ideal flow, an important quantity is the vorticity w := curlu = d\U2 — flaiti, satisfying the 
transport equation: 

3w 

— + (m • V)tu = for a; G F(t). (12) 
at 

One has the following result concerning the Cauchy problem for the above system, the initial position of the solid 
being given. This result describes weak solutions, extending results concerning the fluid alone. It considers the 
case when vorticity belongs in LP as in DiPerna and Majda [7] and includes weak solutions with bounded vorticity 
as in Yudovich [19]. 

Theorem 1. Let p G (2,+oo]. For any u G C°{7q~;R 2 ), (£ ,r ) G R 2 x K. such that: 

divito — in J-q and uq ■ n = (£q + ro(x — ho) ) ■ n on 8Sq, (13) 

w := cut\u e L P C {T ), (14) 
lim Uq(x) = 0, 

\x\— >+oo 

there exists a solution (h',r,u) of ©-© inC 1 (]R + ;M 2 xIR)xC (R+,M /1 'P(J : '(i))) with d t u, Vp G i^ c (R + , Li(T(t))) 
for any q G (l,p\ when p < oo and m C 1 (M+;R 2 x R) x L^ C (R+, ££(T(t))) with d t u,Vp G L^ C (R+, L«(J"(t))) /or 
any g G (1, +oo) w/ien p = oo. 

Moreover such a solution satisfies that for all t > 0, w(t) := curl(u(£)) G L^(J^(t)), it is energy- conserving in 
the sense of Proposition^ and \\w(t, •)\\L^(J r (t)) (for any q ^ [1, p]), fj?n-\ w(t, x) dx and Jg S ^ t j u ' T ds are preserved 
over time. 

Finally when p = oo, the solution is unique. 

This result is proven in [9]. For the sake of self-containedness, we give a short proof of it in appendix. The 
notation CC(fl) refers to the space of log-Lipschitz functions on f2, that is the set of functions / G L°°(f2) such 
that 

\\fhc(a) ■= ||/|U- (n) +sup- TTH^r m < (15) 

xjty |(a;-y)(l + ln |a;-y|)| 

Above, we used the abuse of notation L°°(R + ; X {?{£))) (resp. C°(R + ; X(F(t)))) where X is a functional space; by 
this we refer to functions defined for almost each t as a function in the space X{fF(t)), and which can be extended 
as a function in J L°°(R+;X(R 2 )) (resp. C°(R+; X(R 2 ))). 

Let us also mention that the existence and uniqueness of finite energy classical solutions to the problem (U}-© 
has been tackled by Ortega, Rosier and Takahashi in fi~7] . 
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Let us now discuss the main problem considered in this paper, that is the behaviour of this system for a small 
body. Accordingly, we consider So a fixed domain as above, and define for e > the resized domain Sq given by: 

Sq- h = e(S - h ). 

Therefore Sq denotes the domain initially occupied by the solid and 



the one occupied by the fluid. Let wo £ LP(R 2 ). We fix 7, r £ R, and ho, to £ independently of e. Therefore, 
as we will see in Proposition [3l there exists an unique vector field Uq £ C°(J-g;IR 2 ) such that 



where 



divug = 0, curlitg = Wq in T £ , 

u £ • n = (£ + ro(x - ho)- 1 ) ■ n on dS £ , 

lim^i^oo \u^(x)\ = 0, f dS z u £ ■ rds = 7, 



(16) 



(17) 



We will be interested in the limit of the system as e — > + in the following particular regime: 

m e = m and J e = e 2 J , 

where m and j7o are fixed constant. This is obtained for instance for a homogeneous solid, with a constant mass 
as e -> 0+. 



The main goal of this paper is to prove the following theorem. 
Theorem 2. Assume that p 6 (2, +00]. Let be given ho £ M. 2 , 7 £ 



to-.ro) £ R 3 , w a m 



Consider 



T > 0. For any e £ (0,1], we associate Uq by (|16[) - ([17p and consider (h £ , r e 1 u £ ) a solution of the system ([I}-® 
given by Theorem^ 

Then, up to a subsequence, one has the following: 

• h e converges to h weakly-* in W 2 '°°(0, T; R 2 ), 

• ed £ converges to weakly-* in W 2 '°°(0, T; M.), 

• w £ converges to w in C°([0, T];L P (M. 2 ) - w) (resp. in C°([0, T];L°°(R 2 ) - w*) if p = +00), 
7 (x-h(t))- 



• u £ converges to u + 



• one has 



2tt \x-h(t)\< 



m C°([0,T];L« oc (R 2 )) forq<2, 



dw 
~dt 



— + div 



7 (x-h(t)) 



± 1 



w ) = in [0, T] 



2ir \x-h(t)\ 2 
mh"(t) = j(h'(t) - u(t,h(t))' 

w\ t =o = w , h(0) = h Q , h'(0) = i , 

(x - y ) 1 - 



u(t, x) 



1 

27 



2 \x-y\- 



-w(t, y)dy. 



(18) 

(19) 
(20) 

(21) 



Remark 1. Above the convergence of w £ holds when w £ is extended by inside the solid. In the same way, the 
convergence of u £ holds when extending it for instance by (or by i £ + r £ (x — /i(t))^ ) inside the solid. 

Remark 2. Equation (jXSj) and the w-part of the initial data given in (|20j) hold in the sense that for any test 



function ip £ C~([0,T) x R 2 ) we have 



iptw dx dt + 



7 xip ■ (i 



7 [x 



Ht)) 1 - 



2tt \x-h(t)\* 



wdxdt+ / ip(0, x)wo{x) dx = 0. 



V-2 



(22) 
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Equation (fl8| describes the evolution of the vorticity of the fluid: it is transported by a velocity obtained by 
the usual Biot-Savart law in the plane, but from a vorticity which is the sum of the fluid vorticity and of a point 
vortex placed at the (time-dependent) position h(t) where the solid shrinks, with a strength equal to the circulation 
7 around the body. 

Equation (TT9"]) means that the shrunk body is accelerated by a lift force similar to the Kutta-Joukowski lift of 
the irrotational theory: the shrunk body experiments a lift which is proportional to the circulation 7 around the 
body and to the difference between the solid velocity and the virtual fluid velocity obtained by the Biot-Savart law 
in the plane from the fluid vorticity, up to a rotation of a ir/2 angle. See for instance the textbooks of Childress [3] 
or Marchioro and Pulvirenti [16] for a discussion of the Kutta-Joukowski force. See also Grotta-Ragazzo, Koillcr 
and Oliva [10] . where they consider a similar system of a point mass embedded in an irrotational fluid and driven 
by Kutta-Joukowski force. 

Let us mention that the problem of the limit of the Euler system around a fixed shrinking obstacle, which is 
tightly connected to ours, has been studied by Iftimie, Lopes-Filho and Nussenzveig-Lopes in QT|. Another result 
connected to our study is given in Dashti and Robinson [5], where the authors consider the limit of a shrinking 
ball of fixed density and without rotation in a viscous fluid (modelled by the Navier-Stokes equations). 

Remark 3. A challenging open problem is to extend the previous analysis to the case where the density of the body 
is fixed as e goes to zero so that the mass of the body is vanishing as the body is shrinking to a point. Formally the 
equations fl8 \) -l[2l\ ) would reduce to the vortex-wave system (for which we refer to ]16jj ). but such a limit is quite 
singular as the equation (|19p degenerates into a first order equation as m goes to 0. 

Remark 4. Since we start with a conservative and reversible system it is expected that the equations (|18j) - (|2ip 
should be also conservative and reversible. This is actually the case and we will even see in Section&that Equations 
(|18j) - (|2ip can be seen as an Hamiltonian system with respect to following renormalized energy 



2H = m\h'{t)\ 2 - / G{x-y)w(t,x)w(t,y)dxdy - 2 7 / G{x - h(t))w{t,x) dx, (23) 

JR 2 xR 2 JR 2 

where 

G(o;):=i-ln|4 (24) 

Remark 5. Following the lines of Ull Section 5.3], one can see that in the above limit equation (|18p and (|21[) can 

be rewritten in the following velocity form: 



d t u + (u ■ V)u + 7 div (u (g> H(x - h(t)) + H(x - h(t)) <g> u) - -yu{t, /i(t)) ± <S /l ( t ) = -Vp, 

1 f (x — y) 1 - 

divu = and tfi t=0 = — / r T w (y)dy, 

2ir J R 2 \x - y\ 2 



with 



H{x) , 



1 x J 
2^ Id 



The structure of the paper is as follows. In Section [2] we give a representation of a velocity field satisfying (flUl) . 
In Section [3j we discuss a change of variables allowing to rephrase the system in a fixed domain. In Section |4] we 
give a priori estimates on the system. Section [5] is the central part where we study precisely the effect of pressure 
on the body as e tends to + . In Section [S] we prove Theorem [3] by establishing compactness and obtaining the 
limit equation. Scction[7]is devoted to the proof of several technical lemmas. In Scction[5]wc briefly prove Theorem 
[Q Finally in Section [9] we prove that the limit system obtained in Theorem [2] has a Hamiltonian structure. 

2 Representation of the velocity in the body frame 

Without loss of generality and for the rest of the paper, we assume from now on that 

h = 0, 
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which means that the body is centered at the origin at the initial time t = 0. 



In this section, we study the elliptic div/curl system which allows to pass from the vorticity to the velocity field, 
in the body frame. In the whole paper and in this section in particular, we will need some arguments of elementary 
complex analysis: for the rest of the paper, we identify C and K 2 through 

(xi,x 2 ) = x\ + ix 2 - 
2.1 Green's function and Biot-Savart operator 

We denote by G £ {x,y) the Green's function of F £ with Dirichlet boundary conditions. We also introduce the 
function K £ (x,y) = W ± G £ (x,y) known as the kernel of the Biot-Savart operator K £ [lu] which therefore acts on 
cj £ LP(F e ) through the formula 

K s [uj](x)= [ K e (x,y)u(y)dy. 

The following is classical. 



Proposition 1. Let p g (2, +oo) (resp. p = +oo ). Let uj S LP(fFo). Then K £ [oj] is in the Holder space C 1_2//p (J-g) 
of bounded Holder continuous functions of order 1 — 2/p (resp. in CC(T S ) ), divergence-free, tangent to the boundary 
and such that curl K £ [uj] — uj. Moreover, it satisfies 

K £ [uj](x) =0 (j^j asx^oo, 

and is consequently square-integrable, and its circulation around dS £ is given by 

I K e [u]-Tds = - I ujdx, (25) 
Jos* Jr° 

where r is the tangent unit vector field on dS £ . 



As we work in the exterior of a single solid, we can have an explicit formula for K £ in terms of a biholomorphism 
— ^ C \ B(0, 1). To that purpose, let us select the unique such biholomorphism T : J~o — > C \ B(0, 1) such that 
the following development holds for some (/3, (3) G R+ x C: 

T(z) =Pz + f3 + <D (^j as z^+oo. (26) 

This is possible since iSo is a bounded, closed, connected and simply connected domain of the plane (using Riemann's 
mapping theorem and a conjugation by z i— > 1/z). Now, as S £ = eSo, we can introduce T e as the biholomorphism 
from J-g to the exterior of the unit ball given by: 



%{z)=T{z/s). (27) 



In particular T = 7i . 

With these notations we have (see e.g. }11| ) 



G £ (x, y) = — In ^} %{X \, % ^ ) } / „ , (28) 
1 ' y > 2tt \Te{x)-Te(y)*\\Ts{y)Y y ' 



and 

K £ [to](x) = -DT^Xx) I ( ,-77 ' e ;7, 9 - ,'V7 rTL, ) <»(v)dv, 



— DT T ( \ ( ( TM^JM Te(x)-T e {yY 

2n 1 Jjre\\Te(x) -T e (y)\ 2 \%(x) - %{ V Y? 



with the notation 

V 

\y\ 
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These explicit formulas will help us to find estimates for the velocity in terms of vorticity estimates. 



Let us also introduce the Biot-Savart operator associated to the full plane, that is the operator, denoted K-^2 
which maps a vorticity u> to the velocity 



[w](x):= / H(x-y)u{y)dy, (29) 

where H is defined as 



*<*) - ^p- (30) 
Proposition Q] is valid on the whole plane (see e.g. [3]). Precisely we have 

Proposition 2. Let p G (2, +oo) (resp. p = +oo ). There exists a constant C > such that the following holds true. 
Let uj G L P C (J§?). Then i4T R 2 [w] is bounded, continuous, divergence-free and such that curl i4T R 2 [w] = lu. Moreover, it 
satisfies 

\\K R 2[ui}\\ W l,P( R 2^ + \\K R 2[cj]\\ C l-2/p( R 2j < C(|M|lp(k 2 ) + INU^R 2 ))' 

(resp. ||A" K 2[o;]|| ££(R 2 ) ^ C(\\uj\\ L °o {R 2 } + \\u)\\ L i(&>))), 

and 

K R 2[uj](x) = O fj^jj as X^ GO. 
We will also use several times the fact that K^2 commutes with translations and rotations in the plane. 
2.2 Harmonic field 

To take the velocity circulation around the body into account, the following vector field will be useful. There exists 
one and only one solution H 6 vanishing at infinity of 

divi? £ =0 for i e J e , 
curliF =0 for x E 7q, 
H £ ■ n = for x e dS^, 

H e -Tds = 1. 

We refer for instance to [12] , QT] . This solution is smooth. The vector field H £ admits a harmonic stream function 
which vanishes on the boundary 8Sq, and behaves like In |x| as x goes to infinity. In our case, we have 



= ±-ln\%(x)\ and H*{x) = ±- DT?(x) . 



The scaling law for H e is as follows: 

H%x) = (£) . (32) 

We develop the function Hf — iH^ in Laurent series. The fact that it is holomorphic (as a function of z = 
X\ + 1x2), comes from curli? = div H = which translates into the Cauchy-Riemann equations. One can see that 
(Hf — iiffX 2 ) = a i/ z + C(l/ 22 ) as z — > 00 from the behaviour of H e at infinity. To identify a\ , we use the fact 
that 

H e ■ n ds = and / H s ■ r ds = 1. 
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Hence we deduce that 



(Hf -iffiMz) = —— +0(l/z 2 ) asz->oo. (33) 

2lTTZ 



Going back to real variables we have 



H 1 = O ( -i- j and VH 1 = O [ ) . (34) 



Let us also observe other consequences of (j53")l : 



(if 1 )^ - a;^ ■ V.ff 1 = O ( ) . (36) 



and 

(H 1 ^ - t-L . Uff 1 = n i J 
Remark 6. In £/ie case o/ a disfc, we have 

He ^ = hw =Hl{x)=H{x) - 

2.3 Kirchoff potentials 

Now to lift harmonically the boundary conditions, we will make use of the Kirchoff potentials, which are the 
solutions $ £ := ($f ) 1=1.2,3 of the following problems: 

-A$^ = for s e Jj, (37) 

$f — > for a; -> 00, (38) 
<9$ e 

— -5-=Xi for a> €075, (39) 
on 

where 

(#1, if 2 , tf 3 ) := (m, n 2 , x x ■ n). (40) 
Note that Ki, K% and -K3 actually depend on e. Changing variables y = x/e, we see that 

^(x)= e $i(x-/ e ) fori = 1,2, (41) 
nW^eHKx/e). (42) 

The existence of is classical; note in particular that for i = 1,2,3 one has 

Ki ds = 0. 

Now, <j>* is the real part of a holomorphic function admitting a development in Laurent series; hence §}(x) = 
0(1 /\x\) at infinity. For what concerns V$£, we see that di$} — id2&\ is holomorphic and admits a development 
in Laurent series, which is the derivative with respect to z of the former. We deduce that 

$>\{x) = O (i) and V$J(x) = O f i ) as |z| -> +00. (43) 



and consequently that V$f , for i = 1, 2, 3, are in L 2 (7q). 
Remark 7. In i/ie cose 0/ a cfofc, we /icwe 

($},$ 2 )=27r(i/ 1 ) ± , $3=0. 
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2.4 Velocity decomposition 

Using the functions defined above, we deduce the following proposition. 

Proposition 3. Let p > 2. Let be given u> in L^J 75 ), I in R 2 , r and 7 in R. Then there is a unique solution v in 
W 1,v (J- £ ) when p < +00 (resp. in CC(J- £ ) when p = +00) of 

divw = 0, for x e J-q, 
curl v — lo for x € J-q , 

v • n = (i + rx ) • n /or 2; € <9iSg, (44) 
v — > as x — > 00, 



Moreover v is given by 
with 



v = K £ [uj] + (7 + a)H e + £xV$f + £ 2 V$| + rV$§, (45) 



wd.T. (46) 



Proof of Proposition fJl The existence conies from the above paragraphs. The uniqueness can be easily deduced 
from [12 Lemma 2.14]. □ 

Let us also introduce the following variant of the Biot-Savart operator K e , the so-called hydrodynamic Biot- 
Savart operator K £ H which can here be deduced from K e by the formula 



K e H = K £ + aH e 



As a consequence it satisfies 



divifff [u] — 0, for xeJJ, 
curliff^w] = uj, for 1 e J E , 
-ftTf^w] • n = 0, for x G dS £ , 

/ K e H [uj]-Tds = 0. 



Then v can be decomposed as 



v = K e H [uS\ + ~fH e + 4V$f + £ 2 V$| + rV$|. (47) 
We also introduce the hydrodynamic Green function G £ H as 

G e H {x,y) := G e ( 2; ,y) + * ffe ^) + * ffe ( 2 /) (48) 

2^ \T E (x)-%(y)*\ ■ 

Consequently one has 

K s H [u](x)= [ v ± GU^yMv)dy. 



3 Equations in the body frame 
3.1 Velocity equation 

In order to transfer the equations in the body frame we apply the following isometric change of variable: 

v e (t, x) = Q £ (t) T u £ (t, Q £ (t)x + h £ (t)), 

q £ (t,x)=p £ (t,Q £ (t)x + h £ (t)), (49) 

£ e (t) = Q e (t) T m>(t). 
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so that the equations ([l])-© become 
dv 



t + [{v £ -l £ ~r £ x^)-V]v £ +r £ {v £ ) x +Vq £ = x G J-q, (50) 

div« e = i€4 (51) 
v £ ■ n = (£ £ + r £ x^) ■ n x e dS £ , (52) 

m(£ £ )'{t)= I q s nds-mr E {£ e ) x (53) 

JdSl 

Je{r £ )'{t) = [ x 1 - -q £ n ds (54) 
JdS° 

v £ (0,x) =v £ {x) i£J £ , (55) 
t{0)=£ , r £ (0) = r o . (56) 

3.2 Vorticity equation 

We define 

uj £ {t,x) := w £ (t,Q £ (t)x + h £ (t)) (57) 
= curlu e (i, x). 

Taking the curl of the equation (|50p we get 

d t uj £ + [(v £ - t e - r e x x ) ■ V] oj £ = for x e T £ . (58) 
Due to the conservations mentioned in Theorem [I] we have 

7 = / v £ ■ t ds = u £ ■ rds = u^-rds, 

Jos?. Jas'{t) J as?. 



a £ = / uj £ (t,x)dx= / w £ (t,x)dx= / w £ (x)dx. (59) 

Now using Section [2j we can recover the velocity of the fluid from the vorticity, the velocity of the rigid body 
and the circulation of the flow around the solid through the following formula: 

v £ = K £ h [lu £ ] + jH £ + £fV$f + £|V$| + r e V$f . (60) 

Also, introducing v £ by 

v e := v £ - jH £ , (61) 

we have 

v £ = K £ H [uo £ ] + *fV$f + ^V#§ + r e V$|. (62) 

4 A priori estimates 

The goal of this section is to derive a priori bounds on the solutions given by Theorem [TJ independently of e (see 
Proposition [5] below). In particular, p is fixed in (2, +oo]. We also give a result on an approximation of the velocity 
as e + (Proposition [7J, which will be useful in the sequel. 

4.1 Vorticity 

Due to Theorem [1] the generalized enstrophies are conserved when time proceeds, in particular, we have for any 
t > 0, 

l|w £ (t, -)Wlp(^) = \\w £ \\lp(^) «S IK||z>(K2), ||w £ (i, OIUm-^S) = IkolU 1 ^) ^ II w o||li(r2). (63) 
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4.2 Energy 

Let us introduce the matrix 



M e :=Ml+M E 2 , 



where 
Ml : 



TOIC12 
J e 



and M\ 



S„ V<&£ • V*| dx 



a,b6{l,2,3} 



; 2+5 a . 3 +<5 b .3 / y<j,l . y<j)l 

To 



(64) 
(65) 



a,6e{l,2,3} 



The matrix fA e is symmetric and positive definite. The matrix M.\ actually encodes the phenomenon of added 
mass, which, loosely speaking, measures how much the surrounding fluid resists the acceleration as the body moves 
through it. 

Using this added mass matrix, one can deduce a conserved quantity. 
Proposition 4. The following quantity is conserved along the motion: 



2H e = X T M £ X 



G e H (x,y)oj e (x)u; e (y)dxdy-2j / u e (x)^ H e (x) dx, 



where 



i k 



The proof of Proposition @] is given in Section [71 

We will need the following technical lemma in order to derive some uniform estimates from Proposition [4] 
Lemma 1. Let f in L 1 (K 2 ) n L P (R 2 ). We denote by 



Then there exists C > such that 



Pf := mf{d > 1 / Supp(/) C B{0,d)}. 



In \x - y\f(x) dx ^ C\\f\\ LP + ln(2 P/ )||/|| L i, 



for any y 6 B(0,p f ). 

Proof. We fix y € B(0,pf) and we decompose the integral: 



ln|x - y\f(x) 



dx 



ln|x - y\f(x) 



dx 



x-y\^l 



m |a; - y\f(x) 



dx 



where 



< \\fhp\\ In I • ||| iP ' (s(0 ,i)) + ln ( 2 P/)!l/IUi, 
P 



P 



p-1 



This ends the proof. 

As a consequence we have the following result. 



(66) 



□ 



Proposition 5. One has the following estimate for some constant C = C(m, ^o,\\ w o\\L 1 nLPi\^o\i\i r o\,\ r y\, p Wo ), 
depending only on these values and the geometry for e = 1: 



where 



\£ e (t)\ + \er s (t)\<C[l+ln(p°(t))], 
P e {t) := p u e {tr) = M{d > 1 / Supp(w £ (t, ■)) C B(0,d)}. 



(67) 
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Proof. We first add a constant in time to R £ , in order to get a quantity which is bounded with respect to e: 

U £ := U £ - i ln(e)(a E ) 2 - ln( £ ) 7 a e , 



where a £ is given by ([59]) . We decompose 

2W = rn\l £ \ 2 + J {er £ ) 2 + {X £ ) T M £ 2 X 



' ' w 

and we denote the last two terms as follows 



G^(a-,j/) + ln(e))w £ (x)w £ (?;)dxdy-27 / w £ (x)(* ffE (a-) + ln(e)) dx 



2H £ =: m\£ £ \ 2 + Mer £ ) 2 + (X 5 ) 1 M\X £ -R\- 2 7 i?|. 
We begin by estimating R\ using (f2"5)l and P5|) : 



(68) 



*>^L>K?)-<?) 



In 



eT 



eT 



In 



w e (x)a; e (2/) dx dy. 



Next we make the change of variables X = eT(|) and Y = eT(^) to obtain 
1 

'B(0,e) c xB(0,e) 



where 



(in |X - Y\ - In |A - e 2 Y*\ + In |A|) / e (X)/ £ (F) dX dY, 
detODTnQ. 



(69) 



/ e (z) :=uj s [eT- 1 
Changing variables back, we note that 

ll/ £ ||Li(B(0,e)-) = l|w 6 ||Li(jrg) < ||w ||li(E2). 

Moreover, as _DT _1 is bounded (due to ([2^)1 and the regularity of iSo), we have that 

||/ E ||lp(B(0,£) c ) ^ C\\u) £ \\ LP (jrE) ^ C||uio||lp(R 2 )- 

As Y* e B(0, 1/e) for Y G B(0,e) c , we have that e 2 Y* € 5(0, e) C 5(0, Using Lcmma[[]and the fact that in 
it is enough to consider Y G Supp(/ e ) C 5(0, p/e), we deduce that 

\R\\ < 3(C||w ||lp(r2) +ln(2 / 9/ e )||u;o|U 1 (R 2 ))ll'" ; o|U 1 (K 2 )- 

Thanks to the behavior (|2l))) at infinity of T, we know that there exists Co ^ P such that T(5(0,d)) C 5(0, Cod) 
for any d > 1. Then, 



Su PP (/-ft))= £ r( Supp( f (t)) )c5 ( o,q 



3P £ ), 



which involves that ^ Cgp £ , and we finally obtain 

liZfCtJKCiIl + In^))]. 
Using the same reasoning on i?| as for R\ , we obtain 

1 



(70) 



2tt 





O 


u! £ (x) dx 


1*5 







Hence we also deduce 

\Rm\^C 2 [l + H P £ (t))}- (71) 
Finally, we use that R £ is constant in time, and putting together (|68| . (|70| and ([7Tj). we get: 

m|£ £ | 2 (t) + Jo(er £ (t)) 2 ^ m|^| 2 (i) + J (er £ (t)) 2 + (A e ) T M e 2 X e (t) 

< m|£ | 2 + J (er ) 2 + X^M £ 2 X - Rf (0) - 2 7 i?^(0) + i?f (t) + 2 7 i2f(i) 

< C[l + ln(p e (t))]. 

Above we used the notation Xq = (£q, ro) and the boundedness of M.\ with respect to e which is a consequence of 
(|65|) . This concludes the proof of Proposition [5j □ 
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4.3 Velocity 

We will use the following lemma (see [TTJ Theorem 4.1] and [331 Lemma 3.5]). 

Lemma 2. There exists a constant C > which depends only on the shape of the solid for s = 1 such that for any 
uj smooth enough, 

ll/^Hiu.^) < ciMl^lMlf,^). (72) 

Combining with the conservation laws (|63p . the decomposition (|52"j) and the scaling laws (|4ip - (|4"2")) wc obtain 
that for any t > 0, 

ll« £ (*, OlU-ra *s c (V(t, ■)! + |er £ (t, 01 + IKIll7| 2) IKIlS (R2) ) • (73) 

We will also use that combining Proposition [5] with yields that for p < +oo (respectively for p = +oo), 
|| if K 2 [w e (i, 0] ||(7i-2/p( R 2) (resp. \\K$p [oJ e (t, 0]||££(R 2 )) is bounded independently of t and of e, where ui £ is extended 
by inside <Sq. 

4.4 Support of the vorticity 

We start with the following result about p £ . 
Lemma 3. For all t ^ 0, 

p £ (t) < p £ (0) + f K-^IUoo^Bp,!)). 

Jo 

This lemma will be proven in Section 18. 3[ together with the properties of solutions given by Theorem [TJ 

Let us now deduce an estimate on p in terms of the time and of the initial data. We note that p e (0) does not 
depend on e. We also see that, due to (|32p and (|34p. ||if e ||.E,oo( R 2\ B (o,i)) i s bounded independently of e. It follows 
from (|6I) and (73J) that 

p £ (t) < /(0) + (V (r, 0| + |er E (r, .)| + IKH^t) J P(K2) + 111) dr. 

Using (|67p. it follows that for some constants Ci, C2 > depending only on m, Jq, £ , r , wq, p wo an d the 
geometry for e = 1, we have: 

^(t)<Ci+Oj / (l + ln(p e (r)))dr. 
Jo 

Using Gronwall's lemma, we deduce that for any T > 0, p £ is bounded on [0, T] independently of e. 

4.5 Main a priori bounds 

Gathering the previous estimates, we deduce the following. 

Proposition 6. ForallT>0 : \\p e \\ L ^ { o,T), |K e ||i°°(o,T), \\£r £ \\ L ^ {0 ^), ||w e |U-(o,T ; L-(^g)) and \\ K R 2 [uj £ ] \\l^(o,T;C^/p(m^)) 
if P < +°° (resp. || A" R 2 [u £ }\\l°°(o,T;CC(r 2 )) tf P = + OG ) are bounded independently of e > 0. 

4.6 Approximation of the velocity 

We will also use that 

2 

v £ := A R2 [uj £ } + Y,(£ £ - K U 2 [w e ]| x=0 >V$f + r e V$I, (74) 
i=i 

is a good approximation of v £ (which was introduced in (|61I) V More precisely we have the following estimate: 
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Proposition 7. As e approaches + , we have: 



whe 



Proof. One checks that 



\V S - W £ |U-(0,T;L2(a5 n -)) + \\V 6 ~ « e |l L -(0,T;if e 1/2 (^)) = °( £l/2 )' 



U 1/2 (.F g ) ; - II ' Whi/*(f§) + £ 1/2 H ' WlH^e 



curl(u e — v £ ) = 0, for x G T £ , 
div(v £ — v £ ) = 0, for x G .Fq, 
ias ^ £ - w £ ) • rds = 0, 
(ir — v s ) ■ n = g 6 , for x G <95q, 
ir — v £ — > as x — > oo, 



with 



and 



g e := (^[w 5 ] - K R 2 [uj% =0 ) ■ n. 
As a consequence there exists \& e such that 

= 0, for x G 
d„^ e = g e , for x G &Sg, 
\J ,e — > as x ^ oo. 

We now use a dilatation argument and the following classical result (see for instance |12j). 
Lemma 4. There exists C > smc/i i/iai /or any g m L 2 (dSo) satisfying 



dS 



g(s)ds = 0, 



t/iere is only one solution ^ m ff2(7o) solution of 



A<f = 0, /or x G J'o, 

= g, /or x G dS 0} 
^ — > as x — > oo. 



given as the potential layer 



*(x) 



Gjr Q {x,y)g{y)ds{y), 



(75) 



(76) 

(77) 
(78) 

(79) 



(80) 



(81) 



where Gj^ stands for the Green's function associated to the exterior domain with Dirichlet boundary condition, 
and 

\m\HV H r o) ^C\\g\\ L 2 [dSo) . (82) 
Note that by a classical trace lemma, one has for some constant C > 0: 



|V*-T|j L 2 (aSo) < C\\y\\ H3/ 2 ( F 



Now we use the change of variables: 



with 



* e (x) = etf (s/e), <f (x) = g(x/e), 



\W -T 



IU»(8Sj) = V^IIV* • T|| i2(a5o) , i|V* £ || ff i/2 ( ^ e) = ^||V*|| H i/2 ( ^. o) and \\g £ \\ L i(ds^ = V^lslU^So)- 
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We apply Lemma|4]on (fy, g) (we note that g satisfies (|80|) because div(K^2 [cu £ ] — K^2 [<jJ £ ]\ x= o) = 0), and infer that 
for < £ < 1, 

\\(ii £ -v £ ) ■ T\\ L oo {0tT . L2{dSS)) + \\v e - ^11^=0(0^1/2^)) sC C\\g £ \\ L ^ (0tT . L 2 (aS e }) . 
Finally we use the uniform Holder estimate on ifR2[w e ] given by Proposition [5] to deduce 

-V E ) • n||L~(0,T;L 2 (aS^)) = \\g 6 \\L°°(0,T;L 2 {dS^)) ^ C\\K R 2[uJ e ] - A' R 2 [u E ] \ x=0 II L =o (o , T;L 2 (g S t)) 

= o(e^). 

This gives the desired conclusion and ends the proof of Proposition □ 

5 Pressure force 

The aim of this section is to study the pressure force/torque acting on the body: 

F 6 (t) := ( / q E nds, / q E x ± -nds). 

To convert the previous boundary integrals into distributed integrals, we first use Green's formula and the functions 
$f defined in (EFT])-® to write 



F e (t) 



I Vq £ (x) ■ V$^dx 



i=l,2,3 



That there is no contribution coming from infinity is justified by (|13GI) . 
Using the following equality for two vector fields a and b in R 2 : 

V(a ■ b) = a • V6 + b ■ Va - (a 1 - curl b + b 1 curia), (83) 

the equation ([50]) reads as follows 

— + [v £ - £ e - r e x^uj e + V-{v e ) 2 - V((r + r e x x ) ■ v e ) + Vq £ = 0. (84) 
Plugging the decomposition (|61[) into the previous equation, we find 

^ + [v E - Z e - r e x^u e + V(Q £ + q e ) = 0, (85) 
at 

Q £ := i|w £ | 2 + 7(u e - (I s + r e x^)) ■ H £ + ^J 2 \H S \ 2 - (I s + r e x x ) ■ v e . (86) 
Using (|55|) - ([55)) we get the following decomposition of F £ , for i = 1, 2, 3: 

-Ff{t) = Af + Bf + Cl 

where 

A? := f d t v e ■ \7$f(x)dx, 

Bf := [ u s [v e - t -^x 1 -} 1 - -V^ e (x)dx, 



Gt := / Q e K,ds. 

JdS% 

For the last term, we used again Green's formula. We underline that there is no contribution from the infinity since 
each term in Q £ is (at least) bounded as |a;| — > +oo, while the normal derivative of $f over large circles satisfies 
9„$f = 0(l/|x| 2 ). 

In the rest of this section, we study the limit as e goes to zero of all these terms. 
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5.1 Treatment of the first term 

Let us examine A\ for i = 1,2, 3. As div v e = for all time, using (|3"T)) - ([3"5]) we deduce that 



A\ = / d t v £ ■ n$1(x) ds. 



Now using the boundary condition (|52p , (|fI5|) and Green's formula we obtain 



i 

-l ' 



(A ? )i=l,2,3 = Mf *i (*)• 



These terms will be put on the left hand side of the solid equations (see also (|145[) in the Section concerning the 
Cauchy problem). 

5.2 Limit for the second term 

The second term will have no contribution in the limit, as the following proposition shows. 
Proposition 8. As e — > + , one has: 

B\ — > for i = 1,2 and — > for i = 3. 

Proof of Proposition^ According to l|6ip. we cut Bf in two parts: Bf = Bf + Bf with 

Bf := [ uj £ [v e -e £ -r £ x ± } ± -V'i> e l (x)dx, (87) 

Bf := I ^[H 6 ] 1 - ■ V$f (x) dx. 

The following estimates are uniform with respect to t € [0,T]. 
1. Let us begin with i = 1,2. In this case we have 



IS? I = 



s$ - l e ~ r e x |U-(^nB(o,^))lk £ || i p||V$f|| I ,p' (J pe nJ3(0iP s )) , 

when p < +oo. In the case p = +oo, we have in particular wg € L^(J-o) and use the inequalities written here for 
p = 3. Using (|4T|) and recalling (|43|) . we see that for r > 1 

l|V^|| L . ( ^ nB(0 , pe)) = £ 2/ 1V^|U ww/e)) < ^HV^lUr^). (89) 

On the other side, due to (l73l) and to Proposition [6l we have 

\f\ + \\v e \\ L °° { r S nB { o, p e)) + \t\ +e\r e \ C. 

It follows that 

Bf = O ~> as £ -> 0+. 

Concerning £?f , we write 

\ B l\ ^ l7ll|S 6 |iL 9 (jrg nS ( 0i(!)e ))||a; e ||Lp||V$f|| L r (J r» nB(0 
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with | = 5(^7 + |) and - = 5(^7 — |). We use the fact that \\H £ \\ Lq ^ nB ^ p E^ is bounded independently of e 
(see (|32|) and (|34|) and observe that q < 2) and once again ([89]) . Hence we also have 

B\ — > as e -> + . 

2. Let us now turn to the case i = 3. In that case, the scaling of V$| is not the same. But using (J42j , we see that 
the situation is actually better, in the sense that using the same estimates as before, we get an additional power of 
s. Then (HU follows. 

□ 

5.3 Limit for the third term 

We decompose Cf into 

Cf,, = \ I \v e \ 2 Kids, (90) 
1 J ass 

Cf b = 7 / (v e - (jF + r^)) ■ H*Ki da, (91) 
Jasg 

C? c = \ [ m 2 Kids, (92) 

Cf d = -[ (£ e + r £ x ± )-v £ K l ds. (93) 
Jasg 

1. We first tackle the terms Cf a and Cf d which are the easiest ones. One easily sees that for i = 1, 2: 

|cf, a | + |q d Kc £ (||r||!. + |^| 2 + |^| 2 ), 

and that for i = 3: 

|C1,J + |C|, d | < C7 e 2 (||t5 e ||£~ + K £ | 2 + \er^). 
We conclude with Proposition [6] that these terms tend to zero as e — > + , as 0(e 2 ) when i = 3. 

2. We turn to Cf c . We will make use of the following classical Blasius' lemma (see for instance [16] and [4j Problem 
4.3]), which we prove in the appendix for the sake of self-containedness. 

Lemma 5. Let C be a smooth Jordan curve, f := (/i,./^) o- n d g '■= (<?i,<?2) two smooth tangent vector fields on C. 
Then 

{f ■ g)nds = i (Jj.fi - if 2) (.91 - ifla) dzj , (94) 



(/ ' g){x' L •n)ds = Re (J z(fi - 2/2X51 - igz) dz^j . 



(95) 



where (•)* denotes the complex conjugation. 

We now apply Lemma [5] and use (|33l) and Cauchy's Residue Theorem. We deduce directly that Cf c = Cf c = 

c|, c = o. 

3. Let us finally turn to the main term, that is Cf 6 . Let us prove the following. 
Proposition 9. One has for i = 1, 2 

- 7(A- R2 [a/](t, 0) - t) 1 - + er s rt + o(l), (96) 
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Cl b = 7 e C ■ (Ar 0) - 1) + o(e), (97) 
where £ and £ are defined in K 2 ~ C 6y 



£:=(/ z(H\-iHl)dz 

\JdSo 

( := I (Hi -iH\)zdz. 

JdSo 



Proof of Proposition Qi We introduce 

2 

:=^ R 2[^](t,0) + ^(£f(t)-A R2 [ W £ ] i (i,0))V$f(x)+r e (i)V$|( a; ) in E+ X Jg, 

i=i 

which will give a good approximation of v £ on 9<Sg (compare to (|74p ). Here u £ is again extended by inside S £ . 
Note in particular that one has 

V s ■ n = v e ■ n = (I s + r £ x^) ■ n on dS^. (98) 

The two steps in estimating Cf b consists in computing the integral C? b in (|9"Tj) when v £ is replaced with v £ , 
and then to show that the error of this replacement is small as e —> + . 

a. Denote 

Cf b = 7 / (v e - (i e + r e x^)) ■ H £ K l ds, 
J ass 

and 

v £ (t,x) := v £ {t,ex) - [f + er £ x ± ) in K + xJ . (99) 
By a direct scaling argument (see (|32[) ). we deduce that 



C £ b = Cif, with Ci t b ■= 7 / E £ ■ H x ni ds for i = 1,2 

JdSo 



and 



C| 6 = eCz.b with C 3j b := 7 / v £ ■ H (x ■ n) ds. 

JdSo 



We remark that w e — (£ e + r 6 !^) is a smooth vector field, tangent to dS £ , so that w e is tangent to dSo ■ Hence, we 
get by Lemma [5] that 



(Ci, b , (72,6) = 7 / (« e ■ H A )nds = »7 / («f - - *# 2 ) <fo ) , (100) 



<7 3 ,6 = 7 / w e • /^(ar 1 ■ n) ds = 7 Re ( / (uf - ivIX-fff - i-ffj)* dz] . 

JdSo \JdSo J 

Let us denote 

24 :=tf R 2[w E ](i,0)-* e . 
For what concerns (iff — iH £ ) we have (|33|) . Concerning v £ , due to (|43| and (|99]l. and using 

(2^)1 — i(x ± ) 2 = — + ix 2 )*, 

we have that 



(101) 



ier e z + v^ A - iv s ^ 2 + 0(l/\z\ 2 ). 
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b. Let us now establish that 



• We first study (Ci,&, C2,b)- Using Cauchy's residue theorem, we deduce that for i = 1,2: 

i([ (vl-ivl-ier s z)(Hl-iH^)dz] = i(t£,,i - it£,, 2 )* (102) 

\JdSo J 

= t^- (103) 

With the dchnition of £ we deduce 

(Cx, b ,C 2 , b )=-fvl x +er^. (104) 

• We now consider C^f,. We will use the following lemma, proved in the appendix. 
Lemma 6. 

Im ( I z(H\ - ill\)z dz) = 0. 

\JdSo ) 

It follows from this lemma that the term ^x 1 - does not intervene in C^^. By Cauchy's residue theorem and using 
the definition of ( we deduce that 

Re ( [ (v\ - iv% + er e z) {H\ -iH$)zdz)=(- . 

\JdSo J 

[ (V s -v 5 )- H £ ni ds = o(l), (105) 
and that 

/ {v e ~ v e ) ■ H e {x 1 - ■n)ds = o{e). (106) 

JdSl 

On one side, it is straightforward using the Holder estimate on -FfR2[aj e ] given by Proposition [6] to infer that 

\v e -v e \ = o(l) uniformly on (0,T) x dS^. 

One the other side from Proposition [7] we have that \\v E — v e ~\\ £°o (o,t ; l 2 (dS e )) — o{e x / 2 ). Estimates ()105|) and (|106|) 
follow by the Cauchy-Schwarz inequality. □ 

5.4 Conclusion 

Putting together all the results established in this section, we can state the following proposition. 
Proposition 10. The pressure force/torque can be written: 

with 

Rl — >0 mi°°(0,T) as £^0+. 

6 Passage to the limit 
6.1 Compactness 

1. Compactness for the solid velocity. We begin by obtaining compactness on the solid linear and angular velocities 
in the original frame. Using Proposition [TUl and (|53| -([54 |) . we obtain 



_ k {(£* - ^[0^(4, 0))- 1 - er e A , f-mr^^ 
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We multiply by M.\(M. £ ) 1 ; using (|65|). Proposition |6] and (|63|). and simplifying by e the second equation we 
deduce that 

m(t)> = j(t - K^ioj 6 }^ 0)) 1 - - (er £ ) 7 £ - mr^)^ + R\ (107) 

Mer'Y = 7 C • (£ e - K R 2 [cj £ ](t, 0)) + R\, (108) 

with 

R\,R S 2 — >0 mL°°(0,T) as e^0 + . (109) 
Going back to the original velocity by using (|49p and ([571) we deduce: 

m(h e )" = j((h s Y - K R ,[w E ](t, h*)) 1 - - 7(^)Q £ (t)C + Q £ {t)R\, (110) 

Mer £ )> = 7 C • Q e (t) T ((h s )' - K R2 [w%t 7 h £ )) + Rl (111) 

We used the fact that the Biot-Savart law in the plane (J2U) commutes with translations and rotations. 

Thanks to Proposition |B] we have that K R 2 [w e ](i, 0) is bounded in L°°(0,T) as e — > + . Now since the right 
hand sides of (|108[) and (|110|) are bounded in L°°(0,T) (due to Proposition [5]), we infer that for some subsequence 
(s n ), e„ — > + of the parameter e, we have 

h £ " ft in W^ a >°°(0,T), (112) 

e„r £ " i? in ^^°°(0,T). (113) 



2. Compactness for the fluid velocity. Let us now obtain some compactness for the fluid vorticity in the original 
frame, and for the velocity it generates via the Biot-Savart law. We obtain a convergence along a subsequence of 
(s n ); to simplify the notations we will still call it (e„). 

We extend w £ (t, •) by inside S £ (t). Using the a priori estimate (|531 . we deduce that, up to a subsequence of 
(e„), one has, for some w € L°°(0, T; L P (R 2 )): 

w £n w weakly in L°°(0, T; 77(R 2 )) as>i~> +oo. (114) 

Also, using ([63]) and Proposition H we deduce that K R 2[w £ ] is bounded in L°°(0, T; W-^^R 2 )) as £ -> 0+ for 
p < +oo (rcsp. in L°°(0, T; ££(R 2 )) if p = +oo). We extend co £ by inside S £ (t). Then it is not difficult to check 
that from flSJJ) and (J3HI) that 

a t w e + div((u e -£ E - r £ x ± )uj £ ) = in X>'((0, T) x M 2 ). 

Going back to the original variables we infer 

d t w E + div(u £ w £ ) = in V'((0,T) x R 2 ). (115) 

In particular, 9 t w; e is bounded in L°°(0, T; W~ 1 ' P (M. 2 )). Hence we deduce by [15j Appendix C] that the convergence 
(|114j) can be improved into 

w e " — >w in C°([0,T];L p (R 2 ) - 10) (rcsp. in C°([0, T]; L°°(R 2 ) - to*) if p = +oo) as n -4 +oo . (116) 

Actually, [15j Appendix C] considers only the case p < +oo since it proves the compactness of a sequence in 
C°([0, T] ; X — w) for X a reflexive separable Banach space. However, the generalization to C°([0, T]; L°°(R 2 ) — to*) 
is straightforward using the separability of L 1 (R 2 ). 

Now using Proposition [2] and the Ascoli-Arzela theorem, we see that K R 2 is a compact operator form L P (R 2 ) 
to L^ C (R 2 ), so one deduces that 

K M a[w en ] — > K & 2[w] in C°([0,T];i^ c (R 2 )) as n -> +oo. (117) 



19 



6.2 Characterization of the limit of the fluid velocity 

1. Convergence of u e . 

• We extend u £ by (h e )' + r e (x — h e ) x inside S e (t). We define u e by the relation 

v e (t,x) =Q E (t) T u e (t,Q £ (t)x + h E (t)), (118) 

so that 

u e := u e - 7 Q s H e ((Q s ) T (x - h e {t))), (119) 

Using (gTJ and (gU) we deduce that 

— > for i = 1, 2 and -V$| — ^ in L 2 (R 2 ) as e 0+ 

Here we extended V$f inside <Sq by the basis vector ei for i = 1 or 2, and by a;^ for t = 3. Consequently, from 
Proposition [6] and (|74[) we deduce that 

v £ -K R2 [Lj e ] — >0 in L°°(0, T; L 2 (R 2 )) as s — > + . (120) 

Gathering (1751) and (|120[) we obtain that 

A' R 2[w e ] - v £ — > in L oa {0,T;L 2 (R 2 )) as e -> 0+. 

Using (|118|) . (|57p and the fact that the Biot-Savart law in the plane commutes with translations and rotations, we 
infer 

K R 2[w £ }-u e — >0 in £°°(0,T;L 2 (]R 2 )) as e -> 0+. (121) 

• Now we use the fact that, since p' < 2, 

H E ^H mLf' oc {R 2 ) ase^0+, 

where is given by (f5D|) . and where as usual we extend if e by inside T 6 , see for instance [T31 Lemma 3.11]. 
Since H is invariant by rotation, it follows from an easy change of variable that 

Q e ™tf s "((Q e ") T (- - h £ -(t))) — ► - &(*)) in £L(M 2 ) as n -»■ +oo, (122) 
no matter the rotation matrix Q e ™ . 

• Using flTTTJ) , (fi2T|) and (fT22|) . we finally deduce that 

w £ "(x) — ^ ia [M)]+7ff(.-ft(t)) in L°°(0,T;L( oc (R 2 )) as n -> +oo. (123) 

2. Fluid equation in the limit. 

Let us show that u and iu satisfy ([22]) . Since u e and u> £ satisfy (JTT5J, it can be easily seen that for any test function 

i> G C c °°([0,T) x M 2 ), 

I I ifjfw 6 " dx dt + / Wtp ■ u E "w E " dxdt + ip(0, x)w (x) dx = 0. (124) 
Jo Jr 2 Jo Jr 2 Jr 2 

The convergence as n — > +oo of the first term of f|l 24[) is a direct consequence of (|114[) . For what concerns the 
second one, it is a matter of weak/strong convergence since u £n converges strongly in L°°(0, T; L^ oc (R 2 )) (according 
to ([T2"2"J| and $35$ ) while for w £ we have PT4]) . 
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6.3 Characterization of the limit of the solid velocity 

We will use the following lemmata, proven in the appendix. 

Lemma 7. Let {p n ) n en S W 1,0o (0,T) N and (e n )neN S (R+) N smc/i that (e n p n ) is bounded in L°°(0,T) and 

e„ — > as n — > +oo. (125) 

Let 



a n (t) 



Pn- 



Then 



E n p n exp(ia„) — 1 m L°°(0,T) as n — > +oo. 



(126) 



(127) 



Lemma 8. Let (p„)„ eN € W 1 ' oo (0,T) N and (e n )„ eN € (R+) N satisfying (fT25|l . and Ze£ a„ &e denned &?/ (JI2BJ). Lei 

(w n )„ eN € £°°(0,T) N sucft t/iat 

w„ — >w in L°°(0,T) as n -> +oo, (128) 



and suppose that 
and 

Then ~p is constant on [0, T\. 



EnPn^-p in W 1,oo (0,T) as n -> +oo, 
£ nP^(*) = i?e[w n (t)exp(-za„(t))]. 



(129) 
(130) 



Now let us establish the behavior of the solid in the limit with the help of these lemmas. First, using (|112p . (|117l) 
and the uniform estimates on if R 2[ui e ] in C 1_2 / p (K 2 ) if p < +oo (resp. CC(M. 2 ) if p — +oo) given by Proposition 
[6j we deduce 

(h £n )' - K R 2[w e }{t,h e ") — > h' -K R2 [w](t,h) in L°°(0,T) as n -> +oo. 



(131) 



Now, we rephrase (jllip with the complex variable: 

Me n r e -)' = Rc{7Ccxp(- i ^")[((/ l £ ")' - Kw[w e \{t,h e "))i + i((h E ")' - K^[w e ](t,h e ")) 2 



Rn 



We apply Lemma [8] with p n 



9 En and 



7C 



((h e ")' - K^lw^h^+idh^)' - K M 4w e ](t,h en )) 2 +exp(ie en )R e 2 



The assumption on w„ comes directly from (|109[) and (|131[) . We deduce that the function R defined in (|113[) is 
constant. Taking into account that the initial data r is independent of e we therefore deduce that £ n # E " converges 
to weakly-* in W 2 '°°(0, T; M 2 ). 

We apply Lemma [7] on (|110l) to get rid of the second term in the right hand side and we arrive to (fTTJl) . 

Remark 8. Actually, we do not need to apply Lemma since we know that er e converges to weakly-* in 
W '°°(0,T). It can be noted however that using this lemma, Theorem^ can be extended in a straightforward 
manner to the situation where r$ depends on e as follows: 



R as e ->• 0^ 



In that case, one deduces that e n r e " converges to Rq weakly-* in W 1,oo (0, T), but due to Lemma^ no additional 
term appears in (|19p . 
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7 Technical results 
7.1 Proof of Proposition 3] 

This is proven in [5]; we recall it here for the sake of completeness. As we consider e fixed here, we omit the e in 
the notations. In particular, here H stands for H e and G for G e . 

1. We first give another form of the above Hamiltonian. Let us prove that 

m = m\i{t)\ 2 + Jr{t) 2 + [ (\v(t,-)\ 2 + 2( 1 + a)v(t,-)-H)dx, (132) 

JTo 

where a is given by (14T>1) and 

v:=v-(~f + a)H. (133) 

Note in particular that 

v(x) = 0{l/\x\ 2 ) as \x\ -> +oo. (134) 

Let us denote 

*(a;) := / G(x,y)u(y)dy 



which is a stream function of K[u)] vanishing on the boundary iSo: 

K[u] = V^*. 



Let us also denote 
so that 

Then we compute 



V$ := £iV$i + £ 2 V$ 2 + rV$ 3 , 

v = K[lu]+V<5>. (135) 



[ \v\ 2 dx = [ V x * -v+ [ • V$ + / V$ • V$. 

•J To J -^o J -Fo J Tq 



'To J To J To 

First, integrating by parts yields 



V-"-* -v = - G(x,y)u)(x)co{y)dxdy, 

To J To x ^0 

/ v-H = - uj(x)ty H (x)dx. 

JT JT 

There is no boundary terms since \1> and vanish on the boundary Sq, and V$ and v decrease also like l/|x| 
at infinity. 

Also, by definition, we have 



V$ • V$ = X T M 2 X. 

To 



This proves ([T3"2]) by using (|S5|). 
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2. We use ([50]) . the fact that d t v = d t v G L°°(0, T; L 9 (J"o)) for any q in (l,p] (resp. in (l,+oo) if p = +00) and 
we notice that H and v are in L°°(0,T; L p (.Fo)); this allows to write 

H'(t) = m£ ■ £'(t) + Jrr'{t) + [ (d t v ■ v + (7 + a)d t v ■ H), 



ml-£'(t)+Jrr'(t)+ / d t vv, 



Then 



where 



ml- e'{t) + Jrr'{t)- / ([(« - £ - rx ± ) ■ V] u + rv 1 + Vq) 
H'{t)=h+h + h, 



h :=me-e'(t)+Jrr'(t)- Vq-V, h := - (v-£)-Vv-v, h := -r [v x - (x x ■ V)v] ■ v. 

Let us justify that each integral above is convergent. For I2 the intcgrability is clear. For ^3, we write ^3 = 74+154-/67 
with 



v^-v, I 5 :=r x ± -Vv-v, Iq := (7 + a)r I (x ■ VH — H ) ■ v. 

The intcgrability of I4 is clear, for J5 we use that v decreases like 1/ 1 cc | 2 at infinity, so that x 1 - ■ Vv is integrablc 
and for Iq wc use (j36]) . It remains to justify the integral in I\ . We analyze the decay of the pressure at infinity, 
observing that ((50)) reads as follows: 

- Vq = d t v + (v-£)-Vv- rx 1 - ■ Vv + rv x + {a + 7)r[F ± - {x x ■ V)H], (136) 

so that Vq decreases like l/|a;| 2 at infinity. Integrating along rays yields that the pressure decreases like l/\x\ at 
infinity. This allows to integrate by parts both I\ and Ii- 



Now using that ([52]) and then the equations (|53|) (I54I) . wc obtain that I\ = 0. For what concerns I2 wc get that 



-\l \v\ 2 (v-e)-n. 
z -IdSo 



For what concerns ^3, we consider R > large in order that 6>o C _B(0,i?), and consider the same integral as ^3, 
over J-q n B(0, R). Integrating by parts we obtain 



- (x x ■ V)v] ■ v = - / {x x -ny-i-- / (x x -n) 

7 o nfl(0,fl) JdSo 2 Js(0,R) 



M 2 



where we denote by n also the unit outward normal on the circle S(0,R). Of course x ■ n = on S(0,R), so 
letting R — > +00, we end up with 

h = \j (r^-n)H 2 . 

A JdSo 

Using (f5"2"j) we deduce h + h = 0, so in total we get H'(t) = 0. 
7.2 Proofs of Lemmas [5] and [6] 

Proof of Lemma\5\ By polarization, it is sufficient to consider the case where / = g. Let us consider 7 = (71,72) : 
[0, 1] — > M 2 a smooth parameterization of the Jordan curve C. On one side, one has 

(/ • finds = J* (/i(7W) 2 + / 2 (7(*)) 2 ) (~^) dt ( 137 ) 
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On the other side, one has 

(h(z)-if 2 (z)fdz = f (/ 1 (7W)-«/2(7W))[(/i(7(*))-i/a(7W))(7i(*) + i^(«))]dt- (138) 



c Jc 

But since / is tangent to C, one sees that the expression inside the brackets in (|138[) is real, and hence is equal to 
its complex conjugate. It follows that 

{h(z)-ih{ Z )fdz= [ \flh(t))-lf2(l(t))\ 2 h' 1 (t)-l 1 ' 2 (t))dt, 

c Jc 

and ([M]) follows. 

The proof of ([§5]) is analogous: using again 

(/i(7(*)) ~ «7a(7(*)))(7i(*) + *7a(*)) = (A(7(*)) + i/ 2 (7(t)))(7i(*) - iVaW), 

we deduce 

'(AC*) " ih{z)fzdz = f \fi(l(t)) - */ 2 (7W)| 2 (7i(t) + <7a(t))(7i(f) - *'7a(t))«. 
c 



so that 

Re 



J{h{z)-ih{z)fzdz^ = J (/i(7(t)) 2 + / 2 (7(t)) 2 )(7i(*)7(W+72(i)7 2 (t))di 

(/•/)(^-n) dfl. 



c 



□ 



Proof of Lemma® Parameterizing <9<So by 7 = (71, 72) : [0, 1] — > M 2 as previously we have 

dt. 

Since H is tangent to dSo, the imaginary part of the bracket above is zero, so the integral is real. □ 



z(H 1 -iH 2 )zdz= / (7i 2 (i)+7 2 2 W) (#i(7(*))-*ff2(7(*)))(7i(*)+*72(*)) 

dSo J dSo 



7.3 Proofs of Lemmas [7] and [8] 

Proof of Lemma^ We first note that the sequence (e n p n exp(ia„))„ e N is bounded in L°°(0,T), so it suffices to 
prove that the convergence (|127p takes place in the sense of distributions. Given <p <G Cq°((0,T)), we see that 

6 rb 

e n p n (t) exp(ia n (t))ip(t) dt = —ie n / ia' n (t) exp(ia n (t))ip(t) dt 



= ie„ / exp(ia n (t))(p' (t) dt, 

J a 

which yields the desired convergence. □ 

Proof of Lemma[E[ Let us define the following open subset of (0, T): 

A:={x£ (0, T) I p{x) 0}. (139) 

• It is classical that, by the Lipschitz character of the function ~p only, one has 

p' = a. e. on (0, T) \ A. 
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• Now let us consider what happens on A. Define 



0(t) := [p. 
Jo 

Consider a connected component of A, say (a, b). Let us show that, due to the nonstationary phase 0' =/= in 
(a, 6), one has 

exp(— ia n ) in L°°(a,b) as n — s- +oo. (140) 

Of course, it is sufficient to prove this convergence in the sense of X>'(a, 6). Hence, let us consider ip £ Cq°((o, &)), 
say Supp(y) C [a, 6] C (a, b). Note that by (fT2"rJt and ([T25]) . one has 

e n a n ^e in ^°°([0,T]). 

Consequently there exists k > such that for all n large enough, one has 

e n \a' n (t)\ > k > and e„K(*)| + £«!<(<) I < ^ on [5,6]. 

For such n one has 

r& /.& 



exp(-ia n (t))tp(t) dt = I a' n (t) exp(-ia n (t)) ^ * dt 



p'(t)a> n (t)-<p(t )gi>(t) 
K) 2 W 



-« / exp(-za„(t)) 1 - 



■/a W 

and (fl~40")) follows. 

Hence, by weak/strong convergence we deduce from (|128[) . (|130[) and (|140|) that for any 93 € Co°((a,6); K), 
e„(p' nl ip) L ^ xL i = Re((exp(-ia n ),w n (p) L oo xL i) — >0 as n -> +00. 
Consequently, on each connected component (a, 6) of A, we obtain that 

p' = a. e. on (a, 6). 

Of course there is at most a countable quantity of such connected components. Hence we obtain that p = a.c. 
on (0, T) and the conclusion follows. □ 



8 Appendix. Proof of Theorem [T] 



We first prove a result of global in time existence and uniqueness similar to the celebrated result by Yudovich about 
a fluid alone. We recall that the space CC was defined in (fTS"]) . 



Theorem 3. For any u Q £ C°(Jb;R 2 ), (4,r ) £ M 2 x E, suc/i i/iai: 

divu = in J arad wo ' n = (^0 + r o x± ) ' n 071 <96>o, (141) 
W o:=curl Uo eL^(Jo), (142) 
lim uq(x) = 0, 

there exists a unique s olutio n (h',r,u) of Q-© in C^It^R 2 x R) x L oc (M+, CC{F{t)). Moreover for all t > 0, 
w(i) := curlw(t) £ Lf{F{t)). 

We first prove the local in time existence part by Schauder's fixed point theorem. The global in time existence 
follows then from our a priori estimates of Section |4] Finally we follow Yudovich's approach for what concerns the 
uniqueness. 
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8.1 Proof of Theorem [3] 



Reformulating the problem. To begin with, we consider the equations in the body frame as in Subsection 
13.11 Next, wc decompose the pressure. To this purpose we recall the following result from [TS] about the Lcray 
projector on Tq: 



Lemma 9. For any q £ (l,oo), we have 



where 



L^(J-q) := {u € L q (J-o;R 2 )/ divu = in IFq and u ■ n = on dSo}, 
E q {T ) := {Vp / p E L q loc (T^:R) and Vp G L*(F ; R 2 )}. 

Moreover the projection P q from L 9 (J-o;R 2 ) onto L^Tq) along E <1 (J 7 q) is linear continuous. 

Since, by density of smooth compactly supported vector fields in L q (FQ] M 2 ), P q and P q coincide on L q (Fo\ 
L q (J-$]R 2 ), wc will simply denote P without dwelling. 

This allows to reformulate the solid equation as follows. We introduce p up to an additive constant by 



V/x 



-{Id- P)((v-l-rx ± ) ■Vv + rv ± \ 



in 



(143) 



We will see that in the case under view this is well defined in L^ C (R + ; L p (.Fo)). Then, assuming that the solution 
has the regularity claimed in Theorem [TJ we observe that 



dt.v 



We deduce that 



(V$ 



ili=l,2,3 



(Id - P)d t v, 



where the functions &i are defined in (|37|) -(f39 |) . We obtain that the pressure q can be decomposed into 



Vg = V/z 



(V$i)i=l, 2> ; 



(144) 



It is now elementary to see that the equation of the solid reads 




/ V/i(r, x) ■ V$i(x)dx 




(145) 



where M. is given in (jM]). 



An operator. Let us introduce an operator, whose fixed points give local in time solutions to the system. Wc 
denote 

p := min{p > / Supp (w ) C B(0,p)}, 
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and as before we denote 7 the circulation of uq around dSo. For T > 0, we let 
C := {(u,e,r) G L°°(0,T;L»(Jb)) X VF 1 ' 1 ([0, T]; K 3 ) / 

*■ \\u\\l°°{0,T;L 1 (F o )) < ||«o||ii(^ ), ||w|| L = ( ,T;L~(^o)) ^ II w II L~ (.Fq) ' 



and / w(t,x) dx = / ico^)^, Vi € [0, J 1 ], 

J To J T a 

ii. Supp (£«;(*)) C B(0,p+ 1), 

in. ^eL 1 (0,r ; r I ' 3 (J„)) and ||fl t w|| i i (0ir . w - M(J : o)) < 1, 
iv. ||^-4||wi.i(o,T) < 1, \\r- ro|| i^i.i (o,t) < l}- 

Now we define the operator V : C — >• C, mapping (w, £, r) to (w, £, f) as follows. 

We first introduce v as the solution of (|44|) associated to {ui,t,r) and 7. As is classical (see Proposition Q}, the 
resulting v is bounded and log-Lipschitz uniformly in time with 

\\v\\l°°(0,T;C£(F o )) < C(<5o)(||w|| i <=(o,T;ii(-7 r o)) + IMI L~ (0,T;L~ (_F )) + IWU°°(0,T) + \\r\\ L °° (0,T) + 111), (146) 

and it also satisfies (sec e.g. [5]) for p G (1, +00): 



I|Vw||l~(0 : T;Lp(^ )) ^ C ( 5 o) — y(II w IU-(0,T;L1(^o)) + IMIi~(0,T;L~(.F )) + IKHl°°(0,T) + |k|| L «(0,T) + N)- (147) 

As a consequence of (|146p , we have also a uniform log-Lipschitz estimate on v — £ — ra;^ , so one can define a unique 
flow associated to v — £ — rx 1 - , that is $ such that 

d t $(t,s,x) = (v-£-rx x )(t,&(t,s,x)) and $(s,s,x) = x for (i, s, x) G [0, T] 2 x J" . 

Then the w-part of V is defined as 



It satisfies 



Next we introduce // as 



:= w ($(0,i,x)). 
d t Cb + div((i) — I — rx^)Cb) = 0. 
Vjii := -(/d-P^u-f-ror 1 ) ■Vu + nr 1 ). 



(148) 



(149) 



Let us justify that V// is well defined in L°°(0, T; L p (jF[))), p > 2. Due to Lemma [9] one has only to check that 
(v — £ — rx- 1 ) ■ Vv + rv 1 - G L°°(0, T; L p (To)). For what concerns the part (v — £) ■ Vv, this comes directly from 
(|146[) and f)14T|) . For what concerns r(x ± ■ V)v and rv 1 - we use the fact that uniformly in t, 



( j— j and Vv = O ( -r~n ' 



(150) 



To prove (| 150[) . we recall that v is harmonic for |x| large and tends to zero at infinity, and use the following estimate 
for its (convergent) Laurent series development: for R > large enough, one has 



z k 

k>l 



L°°(C\B(Q,R)) 



s^max ( |oi|,||«5^^ 



k>l 



L<=°(S(0,R)) 



k>l 



L°°(S(0,fl)) 



as follows by the maximum principle and Cauchy's Residue Theorem. The conclusion on v follows then from the 
L°°(Fo) part of the estimate ()146[) . We proceed analogously on Vv, adding the classical interior elliptic regularity 
estimate: 



z k 

k>l 



L°°(S(0,R)) 



k>l 



Lp(B(0,R+1)\B(0,R-1)) 
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and using (|147j) . The estimate (|150j) follows. 



Now we can define (£, f) as follows: 



(*) = I 




J Fa 



i=l,2,3 




dr. 



(151) 



Existence of a solution via a fixed point. Let us now prove that for T > suitably small, V admits a fixed 
point in C. Wc endow C with the L°°(0, T; L p (F a )) x C°([0, T]; M 3 ) topology (for some p G (2,+oo)) and use 
Schauder's fixed point theorem. It is clear that C is a closed convex subset of L°°(0, T\ L p (Fq)) x C°([0, T]; M 3 ). 
Hence it remains to prove that V(C) C C, that V(C) is relatively compact and that V is continuous. 

• Let (uj,£,r) G C. That a) satisfies point i. in the definition of C is immediate. Due to (|146[) . we see that 

||« - t\\co < C(5 )(|KI|i + IKHoo + |4| + |r | + |7l + 1), 

so that Supp (w(i)) C B(0,~p + 1) is granted for T small. For what concerns point in. in the definition of C, we 
simply use (|148|) and the estimates on v, t, r and Supp (£j) to see that it is satisfied by uj for T suitably small. 
Due to (HH, dUTJ), and Lemma M we deduce that 

I|VmIUp(^ ) «S C(5 )(|K||i + IKIU + |4| + M + |7l + l) 2 - (152) 

Hence with (|151[) we obtain easily that for T suitably small, (£,r) satisfies the estimates in the definition of C. 
Hence we have V(C) C C for T small. 

• Let us now prove that V(C) is relatively compact. Let us consider (u) n ,£ n ,r n ) a sequence in V(C), let us say 
(uj n ,£ n ,r n ) = V(u> n ,£ n ,r n ). Call v n the velocity field associated to (uj n ,£ n ,r n ) by (|44[) . and $„ the corresponding 
flow. Using the definition of C, (|147[) and Aubin-Lions' lemma, one deduces that (y n ) is relatively compact in 
Lfo c (jQ, T] x ^T-o ) • Let us say that v v / n \ converges uniformly to v. Due to the uniform log-Lipschitz estimates on v, 
we infer that &tp( n ) converges uniformly towards the flow $ associated to v on [0,T] 2 x B(0,p~+ 1). This involves 
that 

u n — >w(t,x) :=w ($(0,t,x)) mL°°(0,T;LP(F )). 

(This convergence can for instance be established by using the density of Cq°(.Fo) in L p (Tq).) The compactness 
for (£, f) is straightforward. 

• We finally prove the continuity of V. Suppose that (uj n ,£ n ,r n ) converges to (u>,£, r) in i°°(0, T; i p (J r )) x 
C°([0, T]; E 3 ). Associate to them v n , $„, etc. and v, $, etc. Then as previously one deduces that v n converges 
to v uniformly and that Vv n converges to Vv in L°°(0, T; L p (To)). We deduce consequently that $„ converges to 
$ uniformly, so in the same way as above, Q n converges to ui in L°°(0,T;L p (J-o)). Also, using the fact that the 
estimates (|150|) are uniform in t and n, we see that V/x n converges to V/i in L°°(0, T; ^{Tq)). We deduce that 
{£n,r n ) converges uniformly to (£,r). 

• Hence for T small we obtain a fixed point. One deduces that this yields a solution to the original system ([I])-®, 
going back to the original frame. Then the fact that a maximal solution is global comes from the a priori estimates 
on uj, and the estimates of Section 2] for what concerns Supp (w(i)), £ and r. 

Uniqueness. This relies on Yudovich's idea [TS] . Suppose that we have two solutions (^i,J"i,Ui) and (^j^,^) 
with the same initial data. (In this part of the proof the indices do not stand for the components.) In particular, 
they share the same circulation 7 and initial vorticity wq. As a consequence, despite the fact that v\ and V2 are 
not necessarily in L 2 (J r o), their difference v\ — docs belong to i°°(0, T; L 2 (Fq)) with 

V! -v 2 = and V(«i - v 2 ) = O [tKA as \x\ -> +co. (153) 
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(Recall that both vi and v 2 are harmonic for \x\ large enough and converge to at infinity). 

Let us also remark that due to (|152j) and (|145|) . i\, £ 2 , t 2 belong to W 1,oa (Q,T). As a consequence, using 
dHH , we see that Vgi and Vq 2 belong to L°°(0,T; L 2 (Jo)). 

Then defining £ := ^ — £ 2 , r := r x — r 2 , v := «i — v 2 and q = qi — q 2 , we deduce from (|50p that 



9* 



+ [("1 - 4 - ria;- 1 ) ■ V] v + (v-£- fx- 1 ) ■ V 



v 2 + riw + fv 2 + \7q = 0. 



We multiply by v, integrate over !Fq and integrate by parts (which is permitted by (|153[) and by the regularity 
of the pressure), and deduce: 



2dV 



\L 2 



(v — I — fx ) • Vf2 



dx + f v ■ v 2 dx + 
h 



qv ■ n = 0. 



For what concerns the last term, 



qv ■ n 



dT 



qn + f 



dT 



qx 1 - ■ n 



Using (f83j) . we deduce 



so that after integration by parts 



mi ■ (£' + ft{ + r 2 £ 1 -) + Jff 
mf£-£i + m£-£' + Jff'. 



{x ■ V)'V 2 = V(x X • V 2 ) — V 2 — X U) 2 , 



v ■ [(x 1 - ■ V)v 2 ] dx = / (x 1 - ■ v 2 )[(£ + fx ± ) ■ n] ds + / v ■ (-v 2 - x^u 2 ) dx 



So 



^0 



Hence using the boundedness of v 2 and uj 2 in L°°(0, T; L°°(J"o)), the boundedness of I 1 and the one of Supp (oj 2 ), 
we arrive to 

d 



dt 



(wnh + n 2 + \\rf) < c(\\m, + ut + \\ff + \\vv 2 \\ LP \\v 2 \\ Lf 



for p > 2. (Here, the various constants C may depend on Sq and on the solutions (^1 , j~i , i>i ) and (£ 2 ,r 2 ,v 2 ), but 
not on p.) Hence using (|147p . we obtain that for p large, 



(\\v\\h + ¥\\ 2 + \\r\\ 2 ) < C(||«||| 2 + |Kl| 2 + ||r!| 2 )+Cp||i; 2 || 



For some constant A > 0, we have on [0, T]: 



I LP' 



< c (\\v\\i 2 + \\er + \\fr )+c P \\v\\*w\ 



r-,2 11 p 



Hi!* 



Irlr < A", 



so for some C > one has in particular 



^(ni£* + iKir + wn 2 ) < cp(n«ni a + iKir + 1111 



i/p' 



Now the unique solution of y' = Ny s and y(0) = e > for (5 G (0, 1) and A > is given by 



y(i)= (l-(5)Ai + e 



1-5 



Hence a comparison argument proves that 



\H 2 Li + M 2 + \\r\\ 2 ^(ctT. 



We conclude that v = for i < 1/C by letting p — > +00. 
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8.2 Proof of Theorem [T] (Existence) 

We now briefly explain how to deduce Theorem [T] from Theorem [3J by a quite straightforward adaptation of the 
methods of [15]. 

Consider an initial data for the vorticity wq G L^(J-q) with p G (2, +oo). Let us introduce a sequence (wq ) n eN G 
(L^J-o)^ converging to wq in L p (J-"o)- Let us consider (£ n ,r n ,v n ) the corresponding solutions given by Theorem 
13] in the body frame. 

We use the conservation of the energy given in Proposition 21 of the LP norm of the vorticity and of the 
circulation around the body an proceed as in Section [4] to deduce that for any T > 0: 

IIPwJ|l=(0,T) + ||4i||l = (0,T) + ||?",i||l~(0,T) + ||v,i||l°=(0,T;W 1 -p(.F )) < C, (154) 

where we used the notation (|66|) . (As a matter of fact, the proof could be simpler, since we have a classical flow 
associated to v n .) 

Using the definition (I143|) of /i, Lemma (|150[) and (|154[) . we deduce that 

||V/Z Tl ||£oo(o,T;LJ'(.Fo)) ^ ^' 

Going back to (| 145|) and then to (|144[) . we deduce that 

||4i||wi.°°(0,T) + Iknlr^^T) + || Vg„ || L oc (0,T;L»>(.F o )) ^ @- 

Now, using ([50]) and (|150|) . wc deduce that 

\\dtV n \\L°°(0,T;LP(F o )) < C. 

Moreover, ([5(7)) can be written as follows: 

-d t v n = Vq n + (v n - 4) • Vu„ - r n x L ■ Vw„ + r n u^ + (a + 7)r„[ff- L - (x 1 - ■ V)H], 
where v n := v n — (7 + a)H, with a given by (|46|) . Using (|36|) . we infer that 

at«n = fit« n = O f|^pj , (155) 

uniformly in n and in i, so that dtv n is bounded in L°°(0,T; L q (To)) for any q G (l,p]- 

Hence by a straightforward compactness argument, we extract a sequence, that we still index by n such that 

L^l, r n ^r in W^f (ffi+ ) , Vg„ ^ V<? in L^ C (R+; L p (Jb)), and „ n ^ v in L£ C (M + ; W 1 * (Jb)), 

and, using Aubin-Lions' lemma, such that 

v n ^vin L% C (R+ x F ). 

This is enough to pass to the limit into the equation, in the sense of distributions. 
Going back to the original variables, we get that 

u G i°°(0, T; W 1 *^®)), G L°°(0, T; i p (-F(i))), 

satisfy ([l). Using (it • V)it = div(it ® u), we deduce that dtu G L°°(0,T; L p (.F(i))), and, considering its behaviour 
at infinity, d t u G L°°(0, T; L q (F(t))) for all g G (l,p\. We deduce finally that Vp G L°°(0,T; L q (T(t))) for all 
9 G (l,p]. 

8.3 Proof of Lemma [3] and of Theorem Q] (Additional properties) 

We begin by proving Lemma [3] This will in particular establish the assertion in Theorem [T] concerning the 
compactness of the support of w(t, ■). 
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Proof of Lemma\^ In the case p = +00, we have a unique flow $>(t, s, x) associated to v £ — I s — r e x^, since this 
vector field is log-Lipschitz uniformly in time, and the conclusion follows easily, because 

u(t,x) = w ($(0,t,x)). 

Let us discuss the main case, that is p < +00. We will use the renormalization theory for which we refer to [6l [TBI [2] . 
In particular it follows from Theorem 3.2], that u> e is a renormalized solution of (|55|) . in the sense that for any 
P G Lip(R;R), 

d t p{uj e ) + div (f3(u £ )(v e - t e - r e x x )) = 0, 
in (0, T) x J 7 ^ in the sense of distributions. We deduce that for any tp £ C£°([0, T] x Jq ) , 

/ p(u c (t,-))1>(t t -)= f %)#,•)+/ (^ + (« e -^-r e ar L ).V x ^) i 8(w e ). (156) 

Now let us prove that (|156j) holds also for any ip £ C£°([0,T] x jf) and any bounded /3 £ Lip(R;R). Let n £ 
C°°(R+;R) such that rj = 1 in [0,1] and 7? = in [2, +00). Given e C c °°([0,T] x jf) and a bounded /3 e Lip(R;R), 
we apply (fl56]l to ^(t, x) := 21)77(^(2;, dS%)/8) for 5 > small. Using Vd(x, <9<S§) • [u £ - ^ - r 6 ^] = on 9<S§, 
the uniform continuity of Vd(:r,<SQ) ■ [w 6 — £ £ — r 6 !.- 1 ] on some compact neighborhood of [0,T] x Sq and letting 
<5 — > + , we deduce the claim. 

Using Lebcsgue's dominated convergence theorem, we deduce that (|156|) is still valid when (3(t) := \t\ p and 
when -0 is replaced by some (f> £ C°°([0,t] x J 7 ^), bounded as well as its first derivatives. As a consequence we 
obtain that for all t, 

f |w e (t ) .))W,-)= / KW,')+ / (9^+(^-r-r £ ^)-V^)|^|f. (157) 

•^0 •'Jo ■'[0,t]x^ 

Now, as in [14], let 0o denote a smooth nondecreasing function from R to R such that 4>o(s) = for s ^ 1 and 
0o( s ) = 1 for s 2. We also define <f>{s,x) := 0o(|x|/i?(s)), where 

R(t) :=p s (0) + / II^-^IU-^xbco,!))- 
Jo 

With this test function (|157|) now reads 

/^^■)P*(M)-/ Mi<jj (,„■-, ^-f W )*M KP . (1M) 

Since 0q has non trivial values only when ^ ^ 1, we get that 

/ | W e (*,.)| p 0ofW < / (\\v s -n\L^\B(o,i))-R')^^\^\ p = 0, (159) 

which proves the lemma. □ 
Let us finally establish the last properties of the solutions announced in Theorem [T] 

End of the proof of Theorem [7J That the quantities mentioned in the statement are preserved over time can be 
seen as follows. 

• Concerning the conservation of energy, this was proven in Proposition 21 

• Concerning the conservation of ||w(i)|| 9 for q £ [l,p], we use again (|156p . By using Lebesgue's dominated 
convergence theorem, it is easy to see that one can apply it to ip = 1 and f3(t) = \t\ q , which yields the result. 
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• The conservation of J^- w(t, x) dx can be seen likewise (this is just the trivial case /3(t) = t.) 

• Finally, the conservation of J gs u ■ t ds can be seen as follows. For R > large enough, due to Lemma [3J 
one can see that v(t, ■) is harmonic (and therefore smooth) outside B(0,R). It follows then from the usual 
Kelvin's circulation theorem that the circulation on large circles is conserved along the flow. Combined with 
Green's formula and the conservation of Jj- w(t, x) dx, this proves the claim. 

Finally, we can deduce the continuity in time of v with values in W 1,p (J r o) (for p < +00). Indeed, we already have 
v e L% C {R+; W^ P (F )) and v e C°(R+; L P (F )); consequently one has v G C°(JSL+; W^ifFo) ~ w). It follows that 

w(s, •) w(t, •) in L p (Fq) — w as s — > t. 
Due to the conservation of ||w(t)|| p , this convergence is strong, and the claim follows. □ 



9 Hamiltonian structure of the limit system 

First we endow the manifold V of the triplets (w, h, £) := (w, h, mh') with a Poisson structure (see [T]). That is to 
say, we endow V with a bracket {•, ■} acting on C°° functional F : V — s- M, bilinear and skew-symmetric, satisfying 
the Jacobi and the Leibniz identities. Here this is obtained by setting, for any smooth functionals F 1 , F 2 on V, 



{F\F 2 } := 7 f* • (F 2 ) 1 - - (f 1 . F 2 - f£ ■ F 2 ) - [ w V X F^ ■ V^F, 

Jm 2 



2 

W ' 



where F w , Fh and F^ denote the derivatives with respect to w,h and £ of a functional F. The properties cited 
above are clear from this definition. 

Moreover, H (given by ([23)) ) can also be seen as a functional on the manifold V, and this endows the system 
with a Hamiltonian structure in the following sense. The following computations are valid either when both F and 
the solution are smooth, or in the framework considered in this paper when F = %. 

Proposition 11. When (w, h,t;) solves the equations (|18[) — (|21[) we have for any smooth functional F, the ordinary 
differential equation 

= (160) 
where F and % in Q160P stand respectively for F{w,h,^) and'H(w,h,£). 
Proof of Provosition \ll\ According to the chain rule, we have 

±F(w,h,0= I F w ^ + F h -h' + F r mh". 
at j K 2 at 

Using the equations (|Tg)) - (f2"Tj) we arrive to 

±F( W , h, = - I F w (u + ± • V.* + F h ■ h' + 7 F, • (h'(t) - u(t, Ht))) ^=: h+ I 2 + h . 

On the other side the derivatives of H arc 

H w = - [ G(--y)w(y)dy- 1 G(-~h{t)) 1 H h = ju(t, h(t)) x , H £ = ^-. 

Js, 2 to 

Then, integrating by parts, we find 

h = f 'fV 1 ( f G{- - y) w(y) dy + 7 G(- - h(t))) ■ \7F W = - [ wVF w • V 1 ^. 

JR 2 \JM 2 J JR 2 

On the other side, we have 

h = h! ■F h =U 6 -F h , 
h = ■ F e - 7fi(t, h(t)) x ■ F e = jHf ■ F c - H h ■ F s , 
which yields (flTO)) . □ 
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As a simple corollary of (|160p and of the skew-symmetry of the bracket we get that T-L is conserved by the 
solutions of ([X5 ]) -pD ]) . 



Acknowledgements. The first and third authors were partially supported by the Agence Nationale de la 
Recherche, Project CISIFS, grant ANR-09-BLAN-0213-02. The second author is partially supported by the Agence 
Nationale de la Recherche, Project MathOcean, grant ANR-08-BLAN-0301-01. 

References 

[1] Arnold V. I., Khesin B. A., Topological methods in hydrodynamics. Applied Mathematical Sciences, 125. 
Springer- Verlag, New York, 1998. 

[2] Bouchut, F., Renormalized solutions to the Vlasov equation with coefficients of bounded variation, Arch. 
Ration. Mech. Anal. 157(1), 75-90, 2001. 

[3] Chemin J.-Y., Fluides parfaits incompressibles. Astcrisquc 230 (1995). 

[4] Childress S., An introduction to theoretical fluid mechanics. Courant Lecture Notes in Mathematics, 19. 
Courant Institute of Mathematical Sciences, New York; American Mathematical Society, Providence, RI, 
2009. 

[5] Dashti M., Robinson J.C., The motion of a fluid-rigid disc system at the zero limit of the rigid disc radius, 
Arch. Ration. Mech. Anal. 200(1), 285-312, 2011. 

[6] DiPcrna R. J., Lions P.-L., Ordinary differential equations, transport theory and Sobolev spaces. Invent. Math. 
98 (1989), no. 3, 511-547. 

[7] DiPerna R. J., Majda A. J., Concentrations in regularizations for 2-D incompressible flow. Comm. Pure Appl. 
Math. 40 (1987), no. 3, 301-345. 

[8] Gilbarg D., Trudinger N. S., Elliptic partial differential equations of second order. Second edition. Grundlehren 
dcr Mathcmatischcn Wisscnschaften 224. Springer- Verlag, Berlin, 1983. 

[9] Glass O., Sueur F., On the motion of a rigid body in a two-dimensional irregular ideal flow. In preparation. 

[10] Grotta Ragazzo C, Koillcr J., Oliva W. M., On the motion of two-dimensional vortices with mass. Nonlinear 
Sci., 4(5):375-418, 1994. 

[11] Iftimic D., Lopes Filho M.C., Nussenzveig Lopes H.J., Two dimensional incompressible ideal flow around a 
small obstacle, Comm. Partial Diff. Eqns. 28 (2003), no. 1&2, 349-379. 

[12] Kikuchi K., Exterior problem for the two-dimensional Euler equation, J. Fac. Sci. Univ. Tokyo Sect 1A Math 
1983; 30(l):63-92. 

[13] Lacave C, Two-dimensional incompressible ideal flow around a small curve, preprint 2011. arXiv: 1102.0843 

[14] Lacave C, Miot E., Uniqueness for the vortex-wave system when the vorticity is constant near the point 
vortex. SIAM J. Math. Anal. 41 (2009), no. 3, 1138-1163. 

[15] Lions P.-L., Mathematical topics in fluid mechanics. Vol. 1, Incompressible models. Oxford Lecture Series in 
Mathematics and its Applications (3). 1996. 

[16] Marchioro C, Pulvirenti M., Mathematical theory of incompressible nonviscous fluids. Applied Mathematical 
Sciences 96, Springer- Verlag, 1994. 

[17] Ortega J., Rosier L., Takahashi T., On the motion of a rigid body immersed in a bidimensional incompressible 
perfect fluid, Ann. Inst. H. Poincare Anal. Non Lineaire, 24 (2007), no. 1, 139-165. 



33 



[18] Simader C. G., Sohr H., A new approach to the Hclmholtz decomposition and the Neumann problem in Lq- 
spaces for bounded and exterior domains. Mathematical problems relating to the Navier-Stokes equation, 1-35, 
Ser. Adv. Math. Appl. Sci., 11, World Sci. Publ., River Edge, NJ, 1992. 

[19] Yudovich V. I., Non-stationary flows of an ideal incompressible fluid, Z. Vycisl. Mat. i Mat. Fiz. 3 (1963), 
1032-1066 (in Russian). English translation in USSR Comput. Math. & Math. Physics 3 (1963), 1407-1456. 



34 



